Journal of Environmental Analysis and Progress V. 09 N. 04 (2024) 309-324

Journal of Environmental . 0
Analysis and Progress @\V
A

10.24221/jeap.9.4.2024.7361.309-324

s
JEAP

ISSN: 2525-815X

Assessment of finite difference models for water content determination in soils
of the semi-arid region of Brazil

Daniel Milian Pérez?, Abel Gdmez Rodriguez?, Yaicel Ge Proenza?, Frederico Dias Nunes?, Antonio
Celso Dantas Antonino?, José Romualdo de Sousa Lima®, Severino Martins dos Santos Neto®, Artur
Paiva Coutinho®, Marcus Metri Correa®

@ Universidade Federal de Pernambuco-UFPE. Av. Professor Luiz Freire, n. 1000, Cidade Universitaria, Recife,
Pernambuco, Brasil. CEP: 50.740-545. E-mail: daniel.milian@ufpe.br, abel.rodriguez@ufpe.br,
yaicel.geproenza@ufpe.br, frederico.nunes@ufpe.br, antonio.antonino@ufpe.br.

b Universidade Federal do Agreste de Pernambuco-UFAPE. Av. Bom Pastor, s/n, Garanhuns, Pernambuco, Brasil. CEP:
55.292-278. E-mail: romualdo.lima@ufrpe.br.

¢ UFPE, Centro Académico do Agreste-CAA. Av. Marielle Franco, s/n, km 59, Nova Caruaru, Caruaru, Pernambuco,
Brasil. CEP: 55.014-900. E-mail: severino.martins@ufpe.br, arthur.coutinho@ufpe.br.

d Universidade Federal Rural de Pernambuco-UFRPE, Departamento de Tecnologia Rural. Rua Dom Manoel de
Medeiros, s/n, Dois Irméos, Recife, Pernambuco, Brasil. CEP: 55.292-278. E-mail: marcus.mcorrea@ufrpe.br.

ARTICLE INFO
Received 28 Sep 2024
Accepted 04 Dec 2024
Published 13 Dec 2024

ABSTRACT

The water content in soil and its variation with depth are critical for numerous
processes, significantly influencing plant growth, soil mechanics, and physical and
chemical properties. In the semi-arid region of northeastern Brazil, where the
Caatinga biome is located, accurate estimation of soil water content is crucial due to
severe water scarcity and highly variable precipitation patterns. This study aimed to
evaluate the sensitivity and accuracy of a computational model for predicting soil
matric potential and water content. The model solves the Richards’ equation using
three finite difference methods: explicit, implicit, and Crank-Nicolson. The methods
were applied to three soil textures (sandy loam, silt, and clay), and a preliminary
analysis was performed to identify the optimal time (dt) and spatial (dz) steps for
achieving relative differences below 1%. The model predicted acceptable soil matric
potential and water content behavior, particularly for sandy loam, which required
finer steps (1 second, 1 cm) compared to silt and clay (10 seconds, 5 cm). Two test
cases from the literature were used for further validation. Finally, the model was
applied to soil textures typical of northeastern Brazil, confirming its ability to capture

the dynamics of soil water content in this region. The results highlight the
@@@@ applicability of this computational approach to semi-arid soils, contributing to

improved water management and crop production strategies.
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Introduction al.,, 2020). These effects might represent even

The widespread effects of climate change
threaten both natural and human ecosystems.
Although the extent of these effects is different
worldwide, all continents are positively or
negatively impacted (Assouline et al., 2024). Water
resources, vital to maintaining any ecosystem's
health and proper functioning, have been identified
as especially vulnerable to global climate change
(Shukla et al., 2019; Althoff et al., 2021).
Additionally, meteorological variables, such as
temperature and precipitation, considerably impact
water resources (Sishodia et al., 2017; Daneshi et

greater implications for the semi-arid region in the
northeastern part of Brazil, in which the Caatinga
biome is located. This biome has specific climatic
conditions, mainly high temperatures, and severe
water scarcity because it relies on a fluctuating and
drought-precipitation pattern (Shukla et al., 2019;
Brito et al., 2020).

The Caatinga biome covers approximately
1 million km? of the Northeast area of Brazil. This
region has scarce precipitations throughout the year
(below 1000 mm a year), and the rain distribution
is far from uniform. In fact, 20% of the annual
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precipitation occurs in one day, and up to 60% can
be observed over a month. In addition, the average
temperatures in the Caatinga biome are high (up to
27°C), with less than 50% relative humidity
throughout the year. These favorable conditions for
evapotranspiration processes result in water
shortages for most of the year (PBMC, 2014).
Compounding this scenario, studies carried out by
the Brazilian Panel on Climate Change indicate
that by 2040, that area may experience an increase
in the average air temperatures (up to 1°C) and a
reduction within 10-20% in rainfall (PBMC, 2014;
Brito et al., 2020). The expected increase in
temperature and decrease in precipitation levels
threaten to make the region even more arid (Cirilo,
2008). Vieira et al. (2015) reinforced these
conclusions, which reported that 94% of the
northeast Brazilian drylands were susceptible to
desertification (Vieira et al, 2015). The
degradation of these areas may cause harmful
effects not only to their inhabitants, crops, and
livestock productivity but also to the native species.
It was estimated that up to 28 native species are in
danger of extinction due to the degradation of the
Caatinga biome and its neighboring areas (LEAL
et al., 2005; PBMC, 2014; Shukla et al., 2019).

Therefore, the effects of global climate
change in the Caatinga biome must be effectively
evaluated to set up a sustainable scheme for
managing water resources. To address this concern,
a complete characterization of the parameters and
properties of the soil from the Caatinga biome is
increasingly necessary. The soil water content is
one variable that allows this evaluation to be
carried out (Rad et al., 2017). The water content in
the soil, although representing just a small part of
the worldwide water resources, plays a key role in
the functioning of ecosystems (Liu et al., 2024). It
affects several soil's mechanical, physical, and
chemical properties and greatly impacts plant
growth and productivity. The soil water content is
directly related to the soil water potential. This
potential is variably related to time and space. It
depends on the water balance within the soil, which
is an equilibrium condition between the water inlet
(rain, irrigation) and outlet (drainage, evaporation,
and root absorption) routes (Hillel, 1998; Chavarria
& dos Santos, 2012).

This study aimed to evaluate the sensitivity
and accuracy of a mathematical model for
estimating the soil matric potential and water
content.

Material and Methods

The proposed model in this study solves
Richards’ equation using finite differences using
three methods: explicit, simple implicit, and the

Crank-Nicolson  approach.  Although these
numerical methods are well-established and
commonly used in soil science, their application to
the unique conditions of semi-arid soils, such as
those found in the northeastern region of Brazil,
represents a novel contribution. This region,
characterized by extreme water scarcity and highly
variable rainfall patterns, presents significant
challenges for soil moisture prediction. To address
this, a preliminary sensitivity analysis was carried
out to determine the optimal range of variation of
the time and spatial steps and the influence of these
steps on the results. Three soil textures (sandy
loam, silt, and clay), six discrete spatial steps (0.5,
1, 2, 4,5, and 10 cm), and five discrete steps (0.1,
1, 10, 100, and 1000 seconds) were considered.
Once the proper parameters were identified, the
proposed computational model was used to
calculate the soil matric potential and water content
of twelve soil textures. With the estimated
sensitivity as starting data, two test cases available
in the literature were solved. Finally, the influence
of the numerical solution method in soils of the
semi-arid region of Brazil was studied, using
experimental material composition data of the soil
from two locations in the northeastern part of
Brazil, particularly in the municipality of S&o
Bento do Una in the state of Pernambuco.

The water flow through unsaturated porous
media is usually described using the Richards’
equation (Richards, 1931). A prevalent formulation
of Richards’ equation for unidirectional problems
is the combination of the Darcy equation (Equation
1), the continuity equation (Equation 2), and the
soil-specific hydraulic capacity (C) equation
(Equation 3), assuming the reference system to be
on the ground surface (Farthing & Ogden, 2017).

q=-Kn)-(5-1) Eq. (1)
e Eq. (2)
ch) =2 Eq. (3)

where q is the flow rate through the perpendicular
unit area; h is the matric potential; K is the
empirical unsaturated hydraulic conductivity (a
proportionality factor related to porosity and
viscosity); 6 is the volumetric soil moisture given
as the volume of water per gram of dry medium; z
is the vertical coordinate; and t is the time (Hillel,
1998). Considering a function only of the matric
potential and the independent parameters (time and
coordinate), Equation 4 can be expressed.

Pérez, D.M.; Rodriguez, A.G.; Proenza, Y.G.; Nunes, F.D.; Antonino, A.C.D.; Lima, J.R. de S. 310



Journal of Environmental Analysis and Progress V. 09 N. 04 (2024) 309-324

cw-B=L(kmw-(£-1))  Eo@

Although Richards’ equation has long been
used for simulation purposes, analytical solutions,
such as those provided by the Gardner model (Zhu
et al., 2019; Wu et al., 2024), are limited to
idealized or simplified systems. For real-life or
complex systems, especially those involving
heterogeneous soils or variable boundary
conditions, obtaining analytical solutions is
challenging, and numerical methods are often
required. While these numerical solutions can be
computationally expensive (Farthing & Ogden,
2017), they remain essential due to the complexity
of real-world scenarios, where analytical solutions
are generally not applicable. In addition to the
Richards’ equation, the Mualem—van Genuchten
equations (Equations 5-7), proposed by Mualem in
1976 and modified by van Genuchten four years
later (Mualem, 1976; van Genuchten, 1980), are
preferred.

(1-(alRD™ - (1 +(alh)™™™)*
K(h) = Ks = ampmosm Ea. ©)
_ mn-a™(65—6,) |h"!
Ch) = =G Eq. (6)
o(h) = — 9= 4 g Eq. (7)

@a+(alhh™m™

where K; is the saturated hydraulic conductivity; o,
m, n are parameters which depend on the type of
soil; and 6, and 6, are the volumetric moisture of
the saturated soil and the residual volumetric
moisture of the soil, respectively (Mualem, 1976;
van Genuchten, 1980; Hillel, 1998).

Richards’ equation is a markedly nonlinear
degenerate elliptic-parabolic partial differential
equation. Under these conditions, obtaining a
solution using traditional analytical techniques is
very difficult. Furthermore, the nonlinearity and
the degeneracy make it difficult to use numerical
methods (Farthing & Ogden, 2017). Thus,
discretizing the derivative operators is almost a
general rule for solving the equation numerically
for water infiltration simulations. A conventional
approach uses the finite difference method with
constant discrete time and spatial steps, dt and dz,
respectively. Several schemes (explicit, simple
implicit, and Crank-Nicolson) can be used to obtain
the numerical solution of these equations (Hillel,
1998; Schneider, 2003; Bittelli et al., 2015;
Pedrozo et al., 2015), which are described in the
following sections. Although more advanced
numerical methods, such as preconditioned
iterative methods, multigrid techniques, and global

correction methods, have been developed to
improve the convergence rate and computational
efficiency of nonlinear processes (Lott et al., 2012;
Arioli & Scott, 2014; List & Radu, 2016), the
current study prioritizes the use of simpler finite
difference approaches. These methods were chosen
to establish a baseline for applying Richards'
equation to the specific conditions of the semi-arid
region of northeastern Brazil. Future work could
explore integrating more advanced techniques to
optimize the simulation process further.

Explicit method

The differential equation is numerically
solved in the explicit finite difference scheme by
approximating the temporal derivative using a
forward finite difference at time t™ and a second-
order central difference for the spatial derivative at
position z;. Applying these approximations to
Equation 4, the finite difference mode of the
Richards’ equation can be written as Equation 8.
The Equation 9 is used to calculate the matric
potential value at the next time t™*! using the
previous value in the z;_;, z; and z;,, points. The
interblock hydraulic conductivity values K (h? s
may be calculated by the arithmetic, geometric or
harmonic mean (Vasconcellos & Amorin, 2001);
however, the integral mean (Equation 10), as
suggested by Pedrozo et al. (2015), was used with
the explicit algorithm (Pedrozo et al., 2015;
Pedrozo et al., 2016). Nevertheless, note that the
hydraulic conductivity and the specific hydraulic
capacity values are updated after every iteration
while propagating the Equation 9 because they are
h-dependent.

COPISE = LK (R ) (R~ 1) -

K os) (i— 1) Eq. (8

n+l _ pn h?+1_hin_ —
hi™ =hi + C(hn)Az[K(hl"'Os ( Az 1)

R i Ry
K(hisos hn—lhn hﬁ“ K(h)dh Eq. (10)

Simple implicit method

Implicit methods are commonly used to
circumvent the stability restriction of explicit
methods. The simple implicit  method
approximates the temporal derivative using a
backward, a finite difference at time t™*1, and a
second-order central difference for the spatial
derivative at position z; (Schneider, 2003).
Equation 4 is then represented by the simple
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implicit method (Equation 11). Applying Equation
12 with the coefficients (13 to 16) to the internal
nodes (from z, to z,_;), results in a tridiagonal
system of equations, which is resolved by the
Thomas’ algorithm (Chapra & Canale, 2015). To
solve the system 12-16, it is necessary to
implement a predictor/corrector algorithm, since
the K (h}4's) and C(h]**') values are missed.

C(hn+1) hi' [ (R25) (hlff—hn“
n+1_ n+1
1) - 1<(h"+1 (% - 1)] Eq. (11)
e AL+ FRMHL 4 g, kL = b, Eq. (12)
n+1
e; = izns) Eq. (13)

c hln+1 K h{“’l +K hn+1
fi — _( (At )+ ( +osizz( ) Eq. (14)

K(hn+1
Ve Eq. (15)
K(hifos)-K(hios) _ c(hi*Dhf

Az At

b, = Eqg. (16)

Then, an initial estimation of A is
obtained by resolving the system with the
K(hl4os) and C(hi") values, and the system is
subsequently solved using this previous evaluation.
In consequence, the system must be solved twice in
each time step. The geometric mean (Equation 17
is for K(hj}y's)) was used for estimating the
interblock K values.

K(ut5is) = JK(h)- k(D) Ea. ()

Crank-Nicolson method

A recommended approach is the implicit
Crank-Nicolson finite difference scheme, which is
second-order accurate in space and time. It can be
implemented by approximating the temporal
derivative using a central finite difference at time
t"*1/2 and a second-order central difference for
the spatial derivative at position z;. The spatial
difference at time t™*1/2 is obtained as the mean of
the spatial differences evaluated at t™ and t™*1.
Therefore, the Richards’ equation in mode of finite
differences by Crank-Nicolson is as follows
(Equations 18-23):

n+1 n n n
n+0.5y i _hi hiya—hy
C(hi™™) [K(hz+o 5 ( YR

1)Ko (125 1)

h:l+1_hn+1
K (hios ( ST 1) a
n+1_pn+l
K(h™1) (l - 1)] Eq. (18)
ek + fik T + gkl = by Eq. (19)
0.5-K (hI*!
= % Eq. (20)
_ _ (cmit K(hﬁzls)"'K(h?Jrols))
fi= ( i T 2072 Ea. (21)
0.5-K (R}
gi = 2ECxos) Eq. (22)
b; = K(hs)-K(h{s) C(h{HO's)h{l _
Az At
hi,—h}
e [Klo0) (55— 1) -
hi'—h{
KG9 (= -1)] Eq. (23)

As in the simple implicit method, a
tridiagonal system of equations is solved twice for
each time step. The C(hM%®) values in the
corrector step are calculated as the mean value
between the C(h}) value and that obtained by the
predictor step. The geometric mean was used for
estimating the interblock K values.

Soil characterization and properties

As previously explained, three groups of
simulations were carried out. In the first group of
simulations, twelve soil textures proposed by
(Carsel & Parrish, 1988) were studied. The second
study solved two test tasks proposed by (Celia et
al., 1990) and (Miranda et al., 2005; Wendland &
Pizarro, 2010). Finally, soils of the semi-arid
region of northeast Brazil were studied.

Tables 1 and 2 summarize the values of the
Van Genuchten parameters used to simulate the
twelve soil textures and the two test cases. The Van
Genuchten parameters used for simulating the soils
of the semi-arid region of Brazil are shown in Table
3, including the hydrodynamic characterization of
two soils of the municipality of Sdo Bento do Una,
in the Pernambuco state, reported in (Soares et al.,
2020). The first of these soil plots consists of 2.0
ha of natural soil, where the Caatinga vegetation is
preexistent, and the second consists of 4.5 ha of soil
cultivated with forage palm (Soares et al., 2020). It
was reported that a semi-arid climate predominates
in that region, with a hot and dry summer and a
rainy period extending from April to June (Soares
et al., 2020).
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Table 1. Van Genuchten parameters of the twelve soil textures, including the three soil textures used for the
sensitivity analysis. Font: Carsel & Parrish (1988).

Soil texture 0, 0 a(m™?) n Ks(ms™)
Sand 0.045 0.43 145 2.68 8.243-10°
Loamy sand 0.057 0.41 124 2.28 4.053-10°
Sandy loam 0.065 0.41 7.5 1.89 1.228-10°
Loam 0.078 0.43 3.6 1.56 2.889-10°
Silt 0.034 0.46 1.6 1.37 6.944-107
Silt loam 0.067 0.45 2.0 141 1.250-10°°
Sandy clay loam 0.100 0.39 59 1.48 3.639-10°
Clay loam 0.095 0.41 1.9 1.31 7.222-107
Silty clay loam 0.089 0.43 1.0 1.23 1.944-107
Sandy clay 0.100 0.38 2.7 1.23 3.333:107
Silty clay 0.070 0.36 0.5 1.09 5.556-108
Clay 0.068 0.38 0.8 1.09 5.556-10”'

Table 2. Van Genuchten parameters for the two test cases. Font: Celia et al. (1990), Miranda et al. (2005),
Wendland & Pizarro (2010).

Testcase O, 6 a(m?l) n K¢(ms?) Reference
1 0102 0368 335  2.0000 9.220-10° Celia et al., (1990)
2 0000 0443 449 36732 151510° Miranda et al., (2005)

Wendland & Pizarro, (2010)

Table 3. Van Genuchten parameters for the soils of the semi-arid region of Brazil. Font: Soares et al. (2020).

Study case 0, 0, a(ml) n K,(ms™1)
Natural 0.033 0.344 3.29 2.64 5.380-10°
Cultivated 0.065 0.437 6.22 2.95 1.780-10°

Boundary and initial conditions, discretization,
and model implementation

All  simulations were carried out
considering initial and boundary conditions of the

Dirichlet type with a known pressure head. Table 4
shows the boundary and initial conditions used in
the simulations of the two test cases and the soils
of the semi-arid region of the northeast of Brazil.

Table 4. Boundary and initial conditions used in the calculations, where the h and L values are in meters and
t in hours. Font: Celia et al. (1990), Miranda et al. (2005), Wendland & Pizarro (2010).

Case h(z,0) h(L,t) h(0,t) L t Reference
Test case 1 -10.00 -10.00 -0.75 1.00 24.00 (Celia et al., 1990)
i i ) (Miranda et al., 2005;
Test case 2 0.686524  -0.686524 -0.062476 0.70 1.75 Wendland & Pizarro, 2010)
Semi-arid -0.42 -0.42 -0.04 050 2.00 -

The sensitivity analysis and the
simulations of the twelve soil textures were
performed considering a homogeneous initial head
distribution and lower boundary condition of -1 m,
the upper boundary condition is fixed at h =-0.1 m,
the soil column was assumed to be 1 m deep, and
the simulation time was 24 hours. Considering the
initial sensitivity study with three soil textures
(sandy loam, silt, and clay), six discrete spatial
steps (0.5, 1, 2, 4, 5, and 10 cm) and five discrete
steps (0.1, 1, 10, 100, and 1000 seconds) were
analyzed. The results of this initial sensitivity study
allowed us to define the parameters dt and dz for
the subsequent calculations. Python 3.0 code was
used to implement the proposed computational

model. The simulations were conducted on a
personal computer with an Intel(R) Core(TM) i7-
2600 CPU @ 3.40GHz and 16 GB of RAM.

Results and Discussion

As a first step, a sensitivity analysis for the
dt and dz parameters was performed to define the
best combination of values to guarantee the
independence of the discretization results assumed
for a range of soil textures. Three soil textures
(sandy loam, silt, and clay), six discrete spatial
steps (0.5, 1, 2, 4, 5, and 10 cm), and five discrete
time steps (0.1, 1, 10, 100, and 1000 seconds) were
studied. It was assumed that the simulation results
are independent of the discretization scheme used
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when the relative differences between the current
and the previous step are less than 1%. The first
parameter analyzed was d z, assuming a constant
value of d t equals 1 second. Table 5 shows the
maximum relative differences in the calculated soil
water contents for the three soil textures and six
discrete spatial steps studied. As observed in Table
5, the Sandy loam was the soil texture with the
highest computational requirements (requires the
smallest spatial discretization) to obtain an
appropriate independence of the results from the

spatial discretization (dz). A relative difference of
less than 1% was only obtained for a spatial
discretization of 1.0 cm. The Silt soil texture
requires a dz of 5 cm, while the Clay soil texture
achieves relative differences below 1% even for a
dz of 10 cm. This study indicated that at least 1.0
cm at the length of spatial discretization is
compulsory to obtain water content values
independent of the analyzed parameters for all
analyzed soil textures. These results resulted in
subsequent calculations with dz =1 cm.

Table 5. Maximum relative differences (%) for the three soil textures (sandy loam, silt, clay) and six spatial
steps (dz = 10, 5, 4, 2, and 1 cm) after 24 hours. Font: Pérez et al. (2024).

Explicit method

Soil texture 10 cm 5cm 4cm 2cm lcm
Sandy loam 10.5 3.2 1.6 14 0.5
Silt 1.2 0.3 <0.0 <0.0 <0.0
Clay <0.1 <0.1 <0.0 <0.0 <0.0
Simple Implicit method
Sandy loam 59.5 5.3 3.7 1.9 0.7
Silt 1.7 0.4 0.1 0.1 <0.0
Clay <0.1 <0.0 <0.0 <0.0 <0.0
Crank-Nicolson method
Sandy loam 59.5 5.6 4.0 2.1 0.9
Silt 1.7 0.4 0.1 0.1 <0.0
Clay <0.1 <0.0 <0.0 <0.0 <0.0

The next step was the sensitivity analysis
of the time discretization (dt). Figures 1, 2, and 3
show the soil water content profile distribution
with depth for the three soil textures analyzed with

the corresponding discrete time steps: 0.1, 1, 10,
100, and 1000 seconds for the three calculation
methods. The results with the explicit method for
100 and 1000 seconds are not included due to its
instability with high values of d t.

—4&— 10 sec
0.0 —¥— 1sec
—+—0.1sec
024
E
= -0.4
a
]
o
5 0.6
(5]
084
104
Explicit method
T T 1
01 02 0.3 04
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Soil water content (m3/m3)
Figure 1. Soil water content obtained from simulations of the soil texture of Sandy loam (t = 24 h). Font: Pérez
et al. (2024).
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Figure 2. Soil water content obtained from simulations of the soil texture silt (t = 24 h). Font: Pérez et al.
(2024).
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Figure 3. Soil water content obtained from simulations of the soil texture clay (t = 24 h). Font: Pérez et al.

(2024).

Once again, the soil texture of sandy loam
required the greatest requirements, 1 second using
the explicit and simple implicit methods, while the
Crank-Nicolson method requires 100 seconds. The
soil texture silt requires a temporal discretization of
10 seconds for the explicit method, while the
simple implicit and Crank-Nicolson methods
require 100 seconds.

Finally, the explicit method requires a
temporal discretization of 10 seconds for the clay
soil texture, while the simple implicit and Crank-
Nicolson methods achieve relative differences
below 1% even for a dt of 1000 seconds. In
summary, sandy loam had the highest
discretization requirements (1 cm and 1 second),
while clay had the lowest requirements (10 cm and
10 seconds).

Based on these results, all subsequent
simulations will be performed using 1 cm and 1
second as discretization parameters. Figures 4 and

5 show the calculation times of the soil texture silt
for each discrete spatial and time step studied. As
seen in both figures, there are significant
differences in the calculation times with the
variation of the discretization parameters. Hence,
choosing a combination of discretization
parameters (dz and dt) that guarantee good
accuracy and acceptable calculation times is
important. It can be noted that the explicit method
involves more calculation time than the implicit
method. That is caused by the integral mean
method used for estimating the interblocks values,
which includes solving an indefinite integral of
K (h) over the entire range of h, to obtain a 19th-
order polynomial and to evaluate it numerous
times.
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Figure 4. Calculation time of the soil texture silt for
each discrete spatial step studied. Font: Pérez et al.
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The second study included determining the
soil matric potential and water content of twelve
soil textures reported by (Carsel & Parrish, 1988).
Those twelve soil textures cover a variety of soil
types between sandy and clay. Figures 6 to 8 show
the soil matric potential and water content profile
with depth for the twelve soil textures using the
three calculation methods. Regarding the
numerical method results, three of the twelve
textures showed maximum relative differences of
less than 0.5%. On the other hand, the soil textures
of sand, loamy sand, and sandy loam presented
relative differences between the numerical
methods of up to 55%.
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Sandy clay loam
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Sityclay . . 41"
Clay J
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Figure 6. Matric potential and soil water content using the explicit method (t = 24 h). Font: Pérez et al. (2024).
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Figure 8. Matric potential and soil water content using the Crank-Nicolson method (t = 24 h). Font: Pérez et
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The next step was the solution of two test
cases widely used in the literature to evaluate
computational models that use Richards’ equation.
Figure 9 shows the relation between soil water
content (%) versus matric potential (kPa) of the test
cases. This relation, called the moisture retention
curve, allows us to characterize the composition of
the soil. The comparison of the profiles of Figure 9
with those found in the scientific literature

(Fredlund & Xing, 1994) allows the identification
of the soils of both test cases as sandy soil and
composite soil, respectively. A similar conclusion
was reported by Pedrozo et al. (2015).
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Figures 10 and 11 compare the results
obtained with the three numerical methods
(explicit, simple implicit, and Crank-Nicolson)
with the results available in Celia et al. (1990) and
Wendland & Pizarro (2010) for the matric potential
and water content, respectively. The results
obtained in this article using the three numerical
methods are very similar to those reported in the
literature.
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Figure 10. Comparison of the three numerical
methods with the matric potential results of Celia
et al. (1990). Font: Pérez et al. (2024).
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Figure 11. Comparison of the three numerical
methods with the soil water content results of
Wendland & Pizarro (2010). Font: Pérez et al.
(2024).

Figures 12 and 13 show the relative
differences between the results of each numerical
method and the results available in scientific
literature. As observed, maximum relative
differences of 14.38% and 45.03% were obtained
for the first and second test cases, respectively. In
both cases, these high relative differences are in
two or three nodes, specifically those nodes that
correspond to the area of the wet front. In the wet
front area, a large change in potential occurs in a
small depth section. A possible solution for future
study is using an adaptive mesh to refine this area.
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Figure 12. Relative differences of the numerical
methods in comparison with the results available in
the scientific literature for test case 1. Font: Pérez
et al. (2024).
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Figure 13. Relative differences of the numerical
methods compared with the results available in the
scientific literature for test case 2. Font: Pérez et al.
(2024).

Finally, the last study conducted in this
paper was focused on the simulation of soils from
the semi-arid region of Brazil. The first step in
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simulating these soils was to obtain the moisture
retention curves for both plots, a critical factor for
characterizing the composition and hydraulic
behavior of the soil. Figure 14 shows the
relationship between soil water content (%) and
matric potential (m) for the two soils. As can be
seen, the profile of the two soils is similar.
However, as pointed out by Soares et al. (2020), it
is evident that the representative curve for natural
soil presents extreme values different from those
found for cultivated soil. This significant variation
reflects the impact of land use and soil management
on the water retention properties of the soil.
Comparing the profiles in Figure 14 with those in
the scientific literature (Fredlund & Xing, 1994)
reveals that both test cases can be classified as
composite  soils, further underscoring the
complexity of soil-water interactions in these
environments.
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Figure 14. Moisture retention curves. Font: Pérez
et al. (2024).

Figures 15 and 16 illustrate the soil matric
potential and water content profiles with depth for
the natural and cultivated soils, respectively. The
maximum relative differences between the
numerical method results were less than 0.54% for
the natural soil and less than 2.75% for the
cultivated soil, demonstrating the numerical
model's robustness across different soil conditions.
These minimal discrepancies further validate the
accuracy of the proposed model in simulating soil
water behavior in heterogeneous semi-arid
environments. This consistency is essential for
predicting soil moisture dynamics, which is critical
in the sustainable management of water resources
and agricultural productivity in regions facing
extreme climatic variability.

The results shown in Figures 15 and 16
corroborate the findings in Figure 14, highlighting
significantly higher water conduction in the
cultivated soil compared to the natural soil.
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Figure 15. Soil matric potential and water content

in the natural soil after 1 hour of simulation. Font:
Pérez et al. (2024).
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Figure 16. Soil matric potential and water content
in the cultivated soil after 0.2 hours of simulation.
Font: Pérez et al. (2024).

The one-order-of-magnitude difference in
maximum water conduction between the two soil
types is a critical finding and aligns with previous
studies (Soares et al., 2020). This increased water
conduction in cultivated soils, while potentially
beneficial for short-term water availability, raises
concerns about long-term soil health, particularly
regarding erosion risks. The higher conduction
speed increases the potential for soil erosion,
emphasizing the urgent need for effective soil and
crop management strategies in these fragile
ecosystems. These results underscore the
importance of adaptive land management practices
to mitigate the negative impacts of intensive
cultivation in semi-arid regions.

Conclusion

The computational model developed to
estimate soil matric potential and water content by
solving Richards' equation using finite difference
methods was effective. The sensitivity analysis
demonstrated that spatial steps of 1 cm and
temporal steps of 1 second are sufficient to ensure
accurate and discretization-independent results
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across different soil textures. Sandy soils presented
the greatest simulation challenges, requiring finer
discretization steps.

The test cases validated the model's
performance, agreeing well with previously
documented results. Applications to soils from
Brazil's semi-arid region revealed significant
differences in water conduction profiles between
natural and cultivated soils. The higher
conductivity observed in cultivated soils highlights
the need for adaptive management strategies to
mitigate erosion risks while taking advantage of
improved water availability.

These findings address the proposed
objectives by evaluating the model's sensitivity and
applicability to the challenging conditions of the
semi-arid region. They contribute to the sustainable
management of water resources and agricultural
productivity under extreme climatic variability.
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